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CHAPTER 5 
TRIGONOMETRIC FUNCTIONS 
5.1 Polar Coordinates and Trigonometry 
PREREQUISITES 
1. There are no prerequisites for this section other than basic high 
school geometry. 
PREREQUISITE QUIZ 
1. Use Quiz C on p. 14 to evaluate your preparation for this section. If 
you pass Quiz C, the material of this section may be reviewed quickly. 
If you have difficulties with Quiz C, you will need to study this section 
thoroughly. 
GOALS 
1. Be able to plot in polar coordinates. 
2. Be able to write down the definitions of the trigonometric functions 
and to be able to find commonly used values. 
3. Be able to make sketches of the graphs of the trigonometric functions. 
STUDY HINTS 
1. Radians. Calculus uses radians, not degrees! Be sure your calculator 
is in the right mode. Remember that 2~ radians is 360' in order to 
make conversions. 
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2. Equivalences. You should be able to convert back and forth from radians 
and degrees quickly in your head for the following angles: o', 30' , 45' , 
60' , 90' , 180° , 270° , 360' . Use proportional reasoning: 90' = 360° 14 
is equivalent to 2 ~ / 4  = ~ / 2 .  
3. Negative polar coordinates. Remember that a negative angle represents 
clockwise motion and that a negative radius means reflection through the 
origin or a rotation of r radians, i.e., (-r,0) = (r,0 + n) . 
4. Definitions. Using the figure at the left, you should know the following 
A definitions: x/r = cos 0 , y/r = sin 0 , y/x = 
/ I  tan 6,  cot 8 = l/tan 0 , sec 0 = l/cos 0, and / csc 8 = l/sin 0 . Note that if r = l , x = cos 0 
A 
and y = sin 0 . Also, no cofunction is the reciprocal 
of another cofunction. For example, csc 8 and cos 0 are not recipro- 
cals. This may help you remember that sec 0 and cos 0 are reciprocals. 
5. Commonly used values. Reproducing Fig. 5.1.17 and Fig. 5.1.18 will help 
you remember the most commonly used trigonometric values. If you have 
troubles remembering whether cos(~/6) is 112 or 6 1 2  , recall that 
cos 0 corresponds to x in the xy-plane. The cosine function decreases 
as 0 increases on [o,T/~] . Thus, we expect cos(n/6) = 6 1 2  and 
cos(n/3) = 112 . Similar analysis may be used for sine. 
6. Calculuator errors. Inaccuracies may occur if 0 is very large. For 
example, does cos(201r/2) = 0 on your calculator? 
7. Trigonometric identities. For the purposes of this course, you will find 
2 2 that cos 0 + sin 0 = 1 is very useful. Formulas (2), ( 3 ) ,  and (4) will 
help you to derive other identities, but it is not an essential part of 
the course. Formulas (5) and (6) are especially important for integration 
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7. Trigonometric identities (continued). 
techniques which will be presented in Chapter 10. Other useful trigono- 
metric identities may be found on the inside front cover of the text. 
8. Period and frequency. A period is the length of a repeatable unit of a 
trigonometric graph. Frequency is the reciprocal of period. 
9. Graphing. Let TRIG be an arbitrary trigonometric function and let A 
and B be constants. The graph of y = A TRIG Bx can be obtained by 
drawing y = TRIG x and relabelling the x.- and y-axes. All of the 
y-values should be multiplied by A and the x-values should be divided 
by B . The effect is stretching and compressing. 
SOLUTIONS TO EVERY OTHER ODD EXERCISE 
1. The problem is analogous to Example 1.  We use the formulas C = r6 and e 
A = r2e /2  . Remember that 8 must be expressed in radians. We convert 8 
22' to 22x(n/180) = 0.3839 radians. Thus, C = re = lO(0.3839) = 8 
2 2 3.839 m , and A = (10) (0.3839)/2 = 19.195 m . 8 
5.  Since 2n radians = 360' , the conversion factor is 2 ~ 1 3 6 0  = n/180 . 
Thus, 29' = 29(n/180) = 0.5061 rad ; 54' = 54(1~/130) = 0.9425 rad ; 
255' = 2 5 5 ( ~ / 1 8 0 )  = 4.4506 rad; 130' = 130(n/180) = 2.2689 rad ; 320' = 
320(n/180) = 5.5851 rad . 
9. yl In the notation (r,i3) , r refers to the 
distance from the origin. If r < 0 , 
rotate the point by n radians or reflect 
it across the origin. e refers to the (-3 I " * (5,-f) angle measured counterclockwise from the 
positive x-axis if e > 0 ; clockwise if 8 < 0 . 
Copyright 1985 Springer-Verlag. All rights reserved.
224 Section 5.1 
13. The region lies between circles of radii 
.-,I 2 and 3 , centered at the origin. The 
circle of radius 2 is also included. In 
addition, the region is further restricted 
in that it must lie between angles of 
-n/2 and n , inclusive. 
17. To make the conversion from cartesian coordinates to polar coordinates, 
use r = , cos 0 = x/r , and sin 0 = y/r . 0 can be found 
by using a trigonometric table or a calculator. 
(a) r = = 1 ; cos 0 = 1 irnplies 0 = 0 , so the polar 
coordinates are (1,O) . 
(b) r = /?= = 5 ; cos 0 = 315 implies 0 = k0.927 , but sin 0 = 
415 implies 0 = 0.927 , so the polar coordinates are (5,0.927) . 
(c) r = = 2 ; cos 8 = 6 1 2  implies 0 = kn/6 , but sin 0 = 
112 implies 0 = n/6 , so the polar coordinates are (2,n/6) . 
(d) r = J3 + (-1)2 = 2 ; cos 0 = 4712 implies = h 1 6  , but sin 8 = 
-112 implies 8 = -n/6 , so the polar coordinates are (2,-~/6) . 
(e) r =d(-fi)2 + (1)2 = 2 ; cos 0 = -4712 implies 0 = k5n16 , but 
sin@= 1/2 implies 0 = 5n16 , so the polar coordinates are 
(2,5n/6) . 
Use the formulas x = r cos 0 and y = r sin 8 to convert from polar 
coordinates to cartesian coordinates. 
(a) x = 6 cos(n/2) = 6(0) = 0 ; y = 6 sin(n/2) = 6(1) = 6 , so the 
cartesian coordinates are (0,6) . 
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21. (b) x = -12 cos(3~/4) = -12(-fi/2) = 6 6  ; y = -12 sin(3~/4) = -12(fi/2) = 
-6fi , so the cartesian coordinates are (6fi,-6fi) . 
(c) x = 4 cos(-K) = 4(-1) = -4 ; y = 4 sin(-n) = 4(0) = 0 , so the 
cartesian coordinates are (-4,O) . 
(d) x = 2 cos(131~/2) = 2 cos(x/2) = 2(0) = 0 ; y = 2 sin(13~/2) = 
2 sin('r12) = 2(1) = 2 , so the cartesian coordinates are (0,2) . 
(e) x = 8 cos(-2x13) = 8(-112) = -4 ; y = 8 sin(-2x13) = 8(-612) = 
- 4 6  , SO the cartesian coordinates are (-4,-46) . 
(f) x = -1 cos(2) = 0.42 ; y = -1 sin(2) = -0.91 , so the cartesian 
coordinates are (0.42,-0.91) . 
Referring to the figure, cos 0 = x/l and 
cos(-8) = x/l also; therefore, cos0= cos(-0) . 
29. By the definition of sine, we have 81c = sin(r/4) = &/2 . Therefore, 
/I Let the height be h meters. Then tan 17' = 
A h hl3000 implies h = 3000 tan 17' % 917.19 meters. 
37. Use the law of cosines: c2 = a2 + b2 - 2ab cos 0 where 0 is the measure 
of the angle (in radians) opposite c . Let x be the length of the un- 
known side. It is determined by lo2 = x2 + 52 - 2(x) (5)cos(4~/5) or 
2 0 = x + 8.09~ - 75 . Thus, the quadratic formula gives x % 13.60 . Now, 
the law of cosines yields 52 = lo2 + (13.60)~ - 2(10) (13.60)cos r or 
cos r = 0.956 , i.e., r = 0.30 radians. 
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41. From the text, we get cos(8 - Q,) = cos @ cos 8 + sin Q, sin 8 and 
cos(8 + 4) = cos 0 cos Q, - sin 8 sin Q, . Subtract to get cos(8 - Q,j - 
cos(8 + 4) = 2 sin 0 sin Q, . Division by two gives the desired product 
formula. 
45. By the addition formula, cos(3~/2 - 8) = cos(3~/2)cos 8+ sin(3n/2)sin0 
O*cos8+ (-1) sine= -sin 0 . 
49. Using the addition formulas, we get cos(8 + ~/2)sin(Q, - 3~12) = 
[cos 8 cos(~I2) - sin 8 sin(~r/2)1 [sin Q, cos(3n12) - cos Q, sin(3~12)I = 
[O-cos 8 - 1-sin 81 (0-sin$ - (-1) cos $ 1  = - sin 8 cos 6 . 
53. Use the half-angle formula. cos(n/l2) = cos [(n/6)/21 = fi + COS(T/~)] 12 = 
+iTEjZ = 4 3 / 2  . NOW sec(v/l2) = 1/cos(n/i2) = 2 / f i .  
57. Take the reciprocal of both sides and use the half-angle formula 
2 2 
cos (812) = (1 + cos 8)/2 . Then sec (812) = (2 sec 8)/(sec 8 + 1) 
2 implies cos (812) = (see 8 + 1)/(2 sec 8) = 112 + 1/(2 sec 8) = 1/2 + 
2 (cos 8)/2 = (1 +cos 8)/2 = cos (8/2) . 
Y! We obtain y = 2 cos 38 by compressing 
cos the graph of y = cos 8 horizontal.ly 
by a factor of 3 and stretching it 
vertically by a factor of 2 . 
y = 2 cos 36 
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We begin by simplifying y = 4 sin 2x x 
Y 
I cos 2x = 2(2 sin 2x cos 2x) = 
2(sin 2(2x)) = 2 sin 4x . Hence, we 
obtain y = 4 sin 2x cos 2x by com- 
pressing the graph of y = sin x hori- 
zontally by a factor of 4 and stretch- 
ing it vertically by a factor of 2 . 
69 .  From Fig. 5.1.4(f), notice that the concavity changes at -3~12 , - ~ / 2  ,
F/2 , and 3n/2 . In general, the inflection points for cot 0 are 
(2n + 1)~/2 where n is an integer. 
73. (a) Rearrangement of Snell's law yields v (sin 0 /sin 0 ) = v = 1 2 1 2  
(3 x 1010)(sin(300)/sin(600)) = (3 x 10") [(1/2)/(6/2)] = 
(3 x 1010)/6 = 6 x lolo cm/sec . 
(b) If vl = v2 , then sin = sin O2 implies = e2 . Therefore 
the angle of incidence is the same as the angle of refraction, so 
the light travels in a straight line. 
(c) We have v2 = v1/2 , so v1/v2 = 2 = sin(45O)/sin O2 = (fi/2)/ 
sin e2 . This implies sin 0 = 6 1 4  , so 0 = 0.36 rzdians or 2 2 
20.7' . 
A We will show that sina /a = 1/2R where 
R is the radius of the circumscribed circle. 
Let BD be a diameter of the circle, then 
geometry tells us that LBCD is a right angle. 
Therefore, sin 4 = a/2R . Angle a and 
angle 4 subtend the same arc, so a = 4 and 
sin a = a / 2 ~  . Consequently, sin a/a = 1 / 2 ~  . 
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81. (a) When sin 6 = h/a , we have I = ~~{sin[~a(h/a)/hl / [na(h/a)/h] j2 = 
Io(sin n ~ n ) ~  = I ~ ( o / ~ ) ~  = O . 
(b)  sin 4 = 0 for 4 = nv , where n is an integer; therefore, we 
solve na sin B/A = nv . The solution is sin 8 = nX/a , so 8 
is all positive values whose sine is nA/a . 
(c) When na sin @/A is close to zero, Exercise 74 tells us that the 
numerator of the squared term is approximately equal to its denomin- 
ator, so the squared term is approximately 1 . Therefore, I is 
approximately 
I0 ' 
(d) sin 8 = (5 x 10-~)/(10-~) = 5 x implies 8 = 5.000021 x 10'~ 
5 x = X/a . 
SECTION QUIZ 
1. (-4,4) is a point described in cartesian coordinates. What are its 
corresponding polar coordinates? 
2. Suppose (r,8) = (n/4,1) are the polar coordinates of a point. 
(a) Use a negative radius to describe the same point. 
(b) Convert to cartesian coordinates, rounding to the nearest 0.1 . 
3. Let (3,-4) be the cartesian coordinates of a point and let (r,B) be 
the polar coordinates. Without using a calculator or tables, find: 
(a) sin 8 
(b) sec 8 
4. Sketch y = cos x . Trace the graph and relabel the axes to depict 
y = (1/3)cos 2x . 
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5. To celebrate the end of another midterm, Merry May decided to throw a 
party. Since polar coordinates were still on her mind, she located the 
beginning of a song on a record at the polar coordinates A(5,-~14); 
the song ends at the polar coordinates C(3,3~/4) . Another song begins 
at point B which is -3 units from A at an angle of - v / 6  . 
(a) What are the cartesian coordinates of A , B , and C ? 
(b) Suppose Merry May only had a straightedge to help her locate songs. 
Plot a11 three points and help her determine the distance from C 
to B . 
ANSWERS TO SECTION QUIZ 
1. (4"'7,3~/4) 
2. (a) (-~r/4,1 + R) 
(b) (0.4,0.7) 
3. (a) -4/5 
(b) 513 
4. 
Y t 
1/3) cos 2x 
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5. (a) ~ ( 5 f i / 2  , -5612)  
c(-3LT/2, 3 f i / 2 )  
(b)  173 - 1 2 m  - 1 2 f i 1 ~ / ~  
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5.2 Differentiation of the Trigonometric Functions 
PREREQUISITES 
1. Recall how to define the trigonometric functions in terms of sines and 
cosines (Section 5.1). 
2. Recall the definition of the derivative (Section 1.3). 
3. Recall the basic rules of differentiation (Sections 1.4, 1.5, and 2.2). 
4. Recall how to compute an antiderivative and how to use the fundamental 
theorem of calculus (Sections 2.5 and 4.4). 
PREREQUISITE QUIZ 
1. Express the following in terms of sin x and cos x : 
(a) tan x 
(b) cot x 
(c) sec x 
(d) csc x 
2. What is the relationship between f (xo) , Ax , and f '(x0) ? 
3. Differentiate the following functions: 
2 (b) (x2 + 2x + 2) / (x + 3x) 
4. State the fundamental theorem of calculus. 
5. Suppose (d/dx)A(x) = 6(x) ; what is (6(x)dx ? 
GOALS 
1. Be able to differentiate trigonometric functions. 
2. Be able to integrate certain trigonometric functions. 
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STUDY HINTS 
1. Derivative of sine, cosine. For the purposes of this course, you should 
memorize that the derivative of sin x and cos x are cos x and 
-sin x , respectively. It is not essential to know the derivation. 
Don't forget the minus sign in (d/dx)cos x = -sin x . 
2. Other derivatives of trigonometric functions. You may find it easier to 
write the other trigonometric functions in terms of sin and cos and 
then use the rules of differentiation to derive the derivatives. On the 
other hand, you may prefer to memorize the differentiation formulas. One 
can simply memorize the derivatives of tan and sec and then remember 
that the derivatives of thecofunctionsare the negative cofunctions. For 
2 
example, we know that (d/dx)tan x = sec x . Then, since cot x and 
csc x are the cofunctions of tan x and sec x , respectively, we get 
2 (d/dx)cot x = -csc x . 
3. Trigonometric antiderivatives. There is really nothing new to learn, but 
it is important to get used to the notation and to reading the differentia- 
tion formulas backwards. The antidifferentiation formulas follow directly 
from the differentiation formulas derived in this section. 
SOLUTIONS TO EVERY OTHER ODD EXERCISE 
1. By the sum rule, (d/d0) (cos 8 + sin 0) = -sin 0 + cos 0 . 
5. By the product rule, (d/d0) [(cos @)(sin B + 8)) = (-sin @)(sin 0 + 0) + 
2 2 (cos B)(cos 0 + 1) = cos 0 - sin 8 - 0 sin 0 + cos 8 = cos 20 -@sin 8 + 
cos 0 . 
9. By the quotient rule, (d/de) [cos 0/(cos 0 - l)] = [(-sin 0) (cos 0 - 1) - 
2 .  cos 8 (-sin o)] / (cos 8 - 1)' = sin 0/ (cos 0 - 1) . 
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2 By the chain rule, (d/dx) (cos x13 = 3(cos x) (-sin x) = -3 cos2 x sin x . 
By the chain rule, (d/dx)sin(x + &) = [cos(x + &)I (1 + 1/2&) . 
2 By the sum rule, (d/dx)(tan x + 2 cos x) = sec x - 2 sin x . 
df(x)/dx = 1/2& - 3 sin 3x by applying the chain rule to cos 3x . 
df (t)/dt = (12t2)sinfi + (4t3 + 1) (cos&) (l/2&) = 12t2sin& + 
[(4t3 + 1)/2a cos& . The chain rule and the product rule were used. 
Apply the chain rule and quotient rule to get df(6)/d0 = 
(312) [cs~(~//zTY) + 11 'I2 [ - c o t ( e / d T T i ) c s c ( e / ~ ) ~  [G - 
e (1.12) (e2 + 1)-'12(ze)] / (e2 + 1) I = -3 [ c s c ( s / K )  + 11 lf2 [cot (01 
Je2+1)1 [csc(e/Jez+)1/2(e2 + 1l3l2 . 
4 
,f(x3 + sin x)dx = x I4 - cos x + C . 
Guess that the antiderivative is a cos(u/2) . Differentiation gives 
-(1/2)a sin(u/2) , so a = -2 ; therefore Jsin(u12)du = -2 cos(u/2) + C . 
The useful trigonometric identity is sin 28 = 2sin 0 cos 0 , so 
lcos 0 sin 0 d 0 = (1/2)lsin 20d0 . Guess that the antiderivative has the 
form a cos 20 . Differentiation gives -2a cos 20 , so a = -112 . 
Therefore, the integral is (1/2)(-112) cos 20 + C = -cos 2014 + C . 
The antiderivative should have the form a cos(8/4) . Differentiation 
gives -(a/4)sin(8/4) , so a = -4 ; therefore, l;12sin(6/4)d6 = 
-4 cos(8/4) /;I2 = 4 - 4 cos (~18) . 
Differentiating a sin(3~t) gives 3na cos(3nt) . This implies that 
1 1 
,f0cos(3nt)dt = sin(3nt) /3n 1 = (sin 3n - sin 0) 137 = 0 . 
2 
(a) Note that sin 24/(1 + cos 24) = 2 sin 4 cos $!(I + 2 cos 4 - 1) = 
sin +/cos 4 = (sin @/$)*($/cos 4) . Since cos @ < sin $14 < 1 
for 0 < 4 < n/2 , we have cos $*(@/cos $) < (sin $/@)*(@/cos @ )  . 
That is, 4 < (sin $/$)*($/cos 4) = sin 24/(1 + cos 24) for 0 < @ < 
.rr / 2 . 
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57. (b) Note that sec @ = l/cos @ . Since cos @ < sin @ / @  and sin @ < 
1 for 0 < @ < ~r/2 , cos @ < I/@ , i.e., l/cos @ > @ . Hence 
sec @ = l/cos @ > @ . 
61. Let f (x) = sin x , then f '(x) = cos x and ftr(x) = -sin x , so 
ft(x) + f(x) = 0 . Let f(x) = cos x , then f '(i) = -sin x and 
tr . . f (x) = -COS X , SO f'yx) + f(x) = 0 . 
65. Differentiate by using the chain rule. (d/d0) [-f (cos @)I = -f '(cos 8) x 
[(d/de)cos 01 . Since f '(x) = l/x , we have -(l/cos 0) (-sin 8) = 
tan 0 . Thus, -f(cos 8) + C is the antiderivative for tan 0 . 
69. (a) Using the product rule, (d/dx) [@ (3x) cos XI = @ (3x) * (-sin x) + 
(COS x)@ '(3x)3 = -(sin x) *$(3x) + 3cos x/cos(3x) . 
(b) Since d@/dx = l/cos x , an antiderivative for l/cos x is @(x) . 
1 Thus, 
~b(dx/cos x) = @(x)lo = @(I) - @(0)  . 
(c) Using the product rule, (d/dx) (+(2x)sin2x) = 24 '(2x) *sin2x + @ (2x) X 
(2cos2x) = 2sin2x/cos2x + 2@(2x)cos2x . Differentiating again, 
2 2 2 (d /dx ) (@ (2x) sin2x) = ~4cos2x(cos2x) - 2sin2x(-2sin2x)l /cos 2x + 
2 2 2 2*2@ '(2x)cos2x + 2+(2x) (-2sin2x) = 4(cos 2x + sin 2x)/cos 2x + 
2 4cos2x/cos2x - 4@(2x) wsin2x = 4sec 2x + 4 - 4$ (2~)-sin2x . 
SECTION QUIZ 
3 
1. What is wrong with this statement? If f(x) = sin 3x , then f '(x) = 
2 3 sin 3x cos 3x . 
2. Differentiate the following with respect to x-: 
(a) cos x sin x 
(b )  sec(~r/4) 
3 (c) tan(x 
2 (d) sec x 
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3 .  Evaluate t he  following i n t e g r a l s :  
(a )  !:sin 3x dx 
4. As u sua l ,  t he  Do-Wrong Const ruc t ion  Company d id  wrong again .  J u s t  
yes terday,  i t  f i n i shed  bu i ld ing  a  s t o r age  room f o r  nuc l ea r  r e a c t o r  
p a r t s ;  however, Do-Wrong fo rgo t  t o  make a  door. Due t o  expense, i t  
i s  d e s i r a b l e  t o  remove a s  l i t t l e  w a l l  m a t e r i a l  a s  p o s s i b l e .  The 
l a r g e s t  nuc l ea r  r e a c t o r  p a r t  ha s  t he  shape of the  region  under y  = 
2 
t a n  x  f o r  ~ / 6  G x  < n/3 . How much of t h e  wa l l  needs t o  be removed? 
2  2  (Hint:  t an  6 + 1 = sec  6 .) 
ANSWERS TO PREREQUISITE Q U I Z  
1. (a)  s i n  x /cos  x 
(b)  cos  x / s i n  x  
(d) l / s i n x  
1 i m  2 .  f l ( * )  0  = *,,i[f(xo + Ax) - f ( r o ) l / ~ x ~  
2  2  3.  (a)  ( 2 x + 2 ) ( x  + 3 x )  + (x + 2 x + 2 ) ( 2 x + 3 )  
3 (c)  15(x + 3 x  - 5)4(x2 + 1) 
b b  4. I£ ~ ' ( x )  = f ( x )  , then  1 f ( x ) d x = F ( x ) l a .  
ANSWERS TO SECTION QUIZ 
2 1. f  ' (x) = 9 s i n  3x cos 3x ; 9 comes from the  exponent 3  and t h e  
d e r i v a t i v e  of 3x . 
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2 2 2 .  (a) c o s x - s i n x  
(b) 0 
2 2 3  (c) 3x sec  (x ) 
2 (d) 2 sec x t an  x 
3. (a) 2 1 3  
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5.3 Inverse Functions 
PREREQUISITES 
1. Recall how to use the vertical line test (Section R.6). 
2. Recall how to use the intermediate value theorem (Section 3.1). 
3. Recall how to evaluate composite functions and how to differentiate 
them (Section 2.2). 
4. Recall the definition of the derivative (Section 1.3). 
PREREQUISITE QUIZ 
1. Suppose f (x) = x8 , what is 1 im [f(x + Ax) - f(x)] /Ax} ? 
2. If f(0) = 1 and f(2) = -2 , and f is continuous, can you locate 
a root of f ? Explain. 
3. Let f(x) = x 2  and g(x) = c o s x .  
(a) Find f (g(x)) and its derivative. 
(b) Find gof(x) and its derivative. 
4. Explain the vertical line test. 
GOALS 
1. Be able to state and explain the definition of an inverse. 
2. Be able to differentiate simple inverse functions. 
STUDY HINTS 
1. Inverses. For most cases, we express a function by y = f(x) . If it 
is possible to uniquely find x in terms of y , then we say that x 
is the inverse of y . However, in many instances, an inverse may 
exist even if we cannot explicitly find x in terms of y . The graphs . 
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1. Inverses (continued). 
of inverses may be obtained -by "flipping" the axes. See Fig. 5.3.1. 
2. Horizontal line test. If each horizontal line meets the graph of f 
in at most one point, then f is invertible. Compare how this state- 
ment corresponds to the vertical line test (See Section R.6). How does 
"flipping" axes make this statement plausible? 
3 .  Inverse function test. All the test says is that any part of a function 
that is strictly increasing or strictly decreasing is invertible. Think 
about what problem exists if the function is not strictly increasing or 
strictly decreasing. The domain is [f (a) ,f (b)] or [f (b) , f (a)] ; just 
be sure the smaller number comes first. 
4 .  Inverse function rule. Probably the easiest formula to remember is 
dx/dy = l/(dy/dx) because the differentials act like regular fractions. 
The formula is very easy to use if you are differentiating at a specific 
point (See Example 8). If you want to differentiate an inverse function, 
you need to know both the function and its inverse. The best way to 
learn to use the formula is to study Example 7 and practice. (You will 
get more practice in the next section.) 
SOLUTIONS TO EVERY OTHER ODD EXERCISE 
1. f ' (x) = 2 does not change sign, so f (x) has an inverse. We have 
f(x) = y = 2x + 5  , f(-4) = -3 , and f(4) = 13 . Solving for the 
independent variable in terms of the dependent variable, we get x = 
(y - 5)/2 . Changing the names of the variables yields f-'(x) = 
(X - 5)/2 on [-3,131 . 
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5. hl(c) = [(t + 3) - (t - lo)] /(t + 312 = 13/(t + 312 does not change 
sign, so h(t) has an inverse. We have h(t) = (t - 10)/(t + 3) , 
h(-1) = -1112 , and h(1) = -914 . Solving for the independent 
variable in terms of the dependent variable, we get ht + 3h = t - 10 
or t(h - 1) = -3h - 10 . Thus, the inverse is t = (3h + 10)/(1 - h) 
or h-'(t) = (3t + lO)/(l - t) on 1-1112,-9/43 . 
"' 4 The inverses were graphed by tracings 
through the back of the page and then 
rotating the x-axis into a vertical 
position. 
IY3L I\ f '(x) = -(x2 - 1)'~*2x , so the critical 
point is x = 0 . Thus, f is increasing 
on (-m,-1) and (-1,O) . It is decreasing 
w on (0,l) and (1,m) . From the graph at 
X 
the left, we see that the largest interval 
on which f is invertible is (&,-I) or 
11 I \I (1,~) . The graphs of the inverses are 
shown below and were obtained by flipping through the line x = y . 
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17. We apply the  i nve r se  funct ion  t e s t .  f  '(x) = x2 - 1 , which i s  zero i f  
x = '1 . f  is  inc reas ing  on (-m,-l) and , and decreasing on 
( -1 , l )  . Hence f  i s  not  s t r i c t l y  i nc reas ing  o r  decreas ing on any 
open i n t e r v a l  conta in ing 1 . That is ,  f  is not  i n v e r t i b l e  on such 
an i n t e r v a l .  
21. f  ' (x) = -3x2 - 2 , which is  negat ive  f o r  a l l  x . Thus, f  i s  de- 
c r eas ing  on [-1,21 . Also, f is  continuous,  so  by t h e  inve r se  func- 
t i o n  t e s t ,  f  is  i n v e r t i b l e  on [-1,21 . The domain of t h e  inverse  i s  
[ f ( 2 ) , f ( - l ) l  , i . e . ,  [-11,41 . The domain i s  [ f (b ) , f ( a ) ]  s ince  f  
i s  decreas ing.  
25. Since f  is  a polynomial, i t  i s  continuous.  The d e r i v a t i v e  i s  f  ' (x) = 
2 3x + 2 , which i s  always p o s i t i v e .  By t h e  inve r se  funct ion  t e s t ,  f  
has  an  inve r se  g(y) . Notice t h a t  g(4) = 1 s i n c e  f ( 1 )  = 4 . From 
the  inve r se  funct ion  r u l e ,  w i th  yo = 4 and xo = 1 , g ' (4 )  = l l f  ' (1)  = 
1 / [ 3 ( 1 ) ~  + 21 = 115 . 
29. f  ' (x) = 3 f o r  a l l  x , s o  by t h e  inve r se  funct ion  r u l e ,  g '  (y) = l / f  ' (x) = 
113 f o r  a l l  x . Thus, we have g ' (2 )  = g ' (3 /4)  = 113 . 
33. The e r r o r s  do no t  seem t o  b u i l d  up on most c a l c u l a t o r s .  I n  most cases ,  
you should g e t  back 1x1 , which i s  not  t h e  o r i g i n a l  number i f  you 
s t a r t e d  wi th  a negat ive  number. This demonstration does not  work i f  
x i s  too  smal l  o r  too  l a rge .  Notice t h a t  & and x2 a r e  i nve r se s  
only i f  x > 0 . 
3 7 .  ( a )  Suppose 3x + 7 > 0 o r  x > -713 , then 2x + 5 > O  o r  x > - 5 1 2  ; 
t he re fo re ,  we must have x > -713 . Now, i f  3x + 7 < 0 o r  x < 
-713 , then 2x + 5 < 0 o r  x < -512 ; t he re fo re ,  we must have 
x < - 5 1 2  . Thus, t he  domain i s  (-m,-5/21 and (-7/3,+m) . 
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37. (b) An equivalent  express ion  i s  y2 = (2x + 5)1(3x + 7) , which impl ies  
2 2 2 3xy + 7y2 = 2x + 5 o r  x(3y - 2) = 5 - 7y . Therefore,  t h e  in- 
2 
v e r s e  func t ion  i s  g(y)  = (5 - 7y2) / (3y  - 2) . 
2 (c)  f  ' (XI  = l lgf  (y) = i [ ( - 1 4 ~ )  (3y - 2) - (5 - 7y2) ( 6 y ) 1 / ( 3 ~ ~  - ~ 1 ~ 1 - l  = 
2 2 
-(3y - 2) /2y = - [3( (2x  + 5 ) / ( 3 ~  + 7) )  - 21 2 / 2 ~ : 2 ~  + 5) (3x  + 7) = 
- [ t / ( 3 x  + 71'1 / z J ( ~ x  + 5)  (3x + 7) = -11 [2(3x + 7 ) 3 1 2 ~  I . 
1 i m  41. (a )  By t h e  d e f i n i t i o n  of t h e  d e r i v a t i v e ,  f  ' (xo) = (Ay/Ax) . Thus, Ax+O 
a s  AX g e t s  sma l l e r ,  AylAx approaches f f ( x o )  , which i s  pos i -  
t i v e  according t o  t he  hypothes is .  Therefore ,  we have (3 /2) f  '(x0) > 
A y / ~ x  > ( l / 2 ) f 1  (xo) f o r  Ax s u f f i c i e n t l y  smal l .  
(b) Let  u s  assume Ax does not  approach 0 ; then  Ay/Ax must approach 
0 a s  Ay approaches 0 . This  cannot occur because Ay/Ax i s  
between two p o s i t i v e  numbers. 
(c )  Ax = x - xO = g(y0 + AY) - g(y0) . Then g(yo + Ay) = g(yo) + AX 
approaches g(yo) a s  Ay approaches zero  s i n c e  Ax -t 0 . Thus 
g i s  continuous a t  yo ' 
SECTION QUIZ 
1.  Suppose f ( x )  = (x3 + 2x + 8 ) / x  . On what i n t e r v a l s  i s  f  i n v e r t i b l e ?  
2. For t he  func t ion  i n  Question 1 ,  one of t h e  i n t e r v a l s  con t a in s  x = 1 . 
What i s  the  d e r i v a t i v e  of f-' a t  t h a t  p o i n t ?  
3. Find a formula f o r  f - I  i f  f  (x) = (x - l ) / ( x  + 5) . 
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4. Backwards Billy was born with a neurological disease which caused him 
to think backwards. When asked to sketch the graph of y = x4 - 3x3 + 
x2 + 8 , he wants to start by sketching the inverse and then flipping 
the graph. However, you realize that y doesn't have an inverse. 
(a) Explain to Backwards Billy why the inverse doesn't exist. 
(b) Find the largest interval around x = 1 for which an inverse 
exists. 
(c) On the restricted interval, what is the derivative of the inverse 
at x = l ?  
ANSWERS TO PREREQUISITE QUIZ 
1. 8x 7 
2. By the intermediate value theorem, there is at least one root in (0,2) . 
2 2 3. f(g(x)) = cosx and f'(g(x)) = -2 sinx cosx ; gof(x) = cos (x) 
2 
and ' (f (x) ) = -2x sin (x ) . 
4 .  If a vertical line drawn at each value of x intersects a graph at only 
one point, then it is the graph of a function. 
ANSWERS TO SECTION QUIZ 
1. (-m,0), (0,?fi), and d3fi,m) 
2. -1/6 
3. f-'(x) = (5x+ 1)1(1 -x) 
4. (a) The inverse function test is violated; f '(x) > 0 on (0,114) 
and (2,m) and ft(x) < 0 on (-m,0) and (1/4,2) . 
(b) [1/4,21 
(c) -1/3 
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5.4 The Inverse Trigonometric Functions 
PREREQUISITES 
1. Recall the concept of an inverse function (Section 5.3). 
2. Recall how to differentiate an inverse function (Section 5.3). 
3. Recall how to differentiate trigonometric functions (Section 5.2). 
PREREQUISITE QUIZ 
1. Evaluate the following: 
(a) (d/dx) sin x 
(b) (d/dy) tan y 
3 (c) (d/dx)f-l(x) 1 if f(x) = x - x 
2. On what intervals does f (x) = x4 + x2 have an inverse? 
3. If g(u) = u3 + u , what is g-l (2) ? 
GOALS 
1. Be able to differentiate the inverse trigonometric functions. 
2. Be able to simplify trigonometric functions of inverses, i.e., what is 
tan (sin-'x) ? 
3. Be able to integrate certain algebraic expressions that lead to inverse 
trigonometric functions. 
STUDY HINTS 
- 1 1. Notation. In this text and most others, sin x is the inverse function 
2 
of sin x , not l/sin x . Do not confuse this notation with sin x or 
3 
sin x , which mean (sin x12 and (sin x ) ~  , respectively. The notation 
arcsin, arccos, etc., is also commonly used to designate inverse trigono- 
metric functions. 
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2. Inverse sine. Rememberthat angles are expressed in radians. We have 
chosen x to be in [-1~/2,n/21 . Since x = sinmly means sin x = y , 
note that y must be ,in [-I, 11 . 
3. Trigonometric functions of inverses. Be sure you understand Example 
2(b). By drawing an arbitrary right triangle and labelling it appro- 
priately by using the definitions of the trigonometric functions and 
Pythagoras' theorem, one can easily find the other trigonometric functions. 
4. Range for which inverses exist. The angles for which the trigonometric 
functions have inverses include those in the first quadrant of the xy- 
plane and the adjacent (second or fourth) quadrant in which the function 
is negative. If there are two choices, then choose the quadrant which 
maintains continuity. 
5. Derivatives. You may desire to learn to derive the derivatives of the 
inverses by using the inverse function rule, but it can be time consuming. 
If memorizing is your forte, you only need to know the derivatives of 
- 1 -1 - 1 
sin y , tan y , and sec y . The derivatives of the inverses of the 
cofunctions are the same except for a sign change. 
- 1 - 1 6. Derivative of sec x , csc x . Notice that the donominator is a square 
root which is positive. Thus, Jy2(y2 - 1) simplifies to 1 y l  dy2 - 1 . 
The absolute value sign is a necessity. See Example 8. 
2 
7. Antiderivatives. In formula (4) on p. 287, we are given [dx/(l + x )I  = 
- 1 2 1 tan x + C . Another valid formula is [dx/(l + x ) I  = -cot- x + C '  . 
These formulas are equivalent since the arbitrary constants, C and 
C '  , may differ. 
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SOLUTIONS TO EVERY OTHER ODD EXERCISE 
1. Since sin(0.615) = 1 / 6 ,  sin-l(1/6) =0.615 . Remember that the 
domain of sin-lx is [-n/~,n/21 . 
- 1 5. Since cos(0) = 1 , cos (1) = 0 . Remember that the domain of 
- 1 
cos x is [O,nl . 
-1 9. sec (2143) is the same as cos-l(fi12) , so since cos(n16) = 6 1 2  , 
-1 
sec-'(2/6) = n/6 . The domain of sec x is [0,n/2) and (n/2,nl . 
13. Use the product rule along with the fact that (d/dx)sin'lx = 1 1 m  . 
Thus, the derivative is 2x sin-lx + x2//1 . 
17. Combine the chain rule and the quotient rule along with the fact that 
2 (dldx) tan-lx = 1/(1 + x ) . Thus, the derivative is [l + ((2x5 + x)/ 
21. Use the quotient rule along with the fact that (d/dx) sin-'x = 11 
-1 
. Thus, the derivative is (31-) (x2 + 2) - (sin 3x1 x 
(2x)l/ (x2 + 2) = [3(x2 + 2) - (2x) (sin-'3x)KFZl /(x2 + 2)2/1_ . 
25. Apply the quotient rule to get (d/dx) [(cos-lx)/(l - sin-'a)] = 
2 -1 2 29. Since (d/dx) tan-'x = (1 + x ) , we get 1 [3/ (1 + x ) + XI dx = 
2 33. /[3/(1 + 4x )] dx = /[3/(1 + (2~)~)1dx, so we expect an antiderivative 
1 
of the form a [tan- (2x)l . Differentiation implies that a = 312 , 
so the answer is 3 tan-l(2x)/2 + C . 
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37. AS shown in the diagram, sin-'x = (3 ; therefore, 
tan(sihlx) = tan 8 = x / K T  .
X 
41. Since (d/d~)cos-le = - l / m  = -(1 - e2)-'l2 , we have 
7 312 (a2/de2)cos-'e = -(-1/2)(i - 0~)-~/~(-20) = -e/(l - e -) 
.. 
2 4 5 .  The rate of change is (d/ds)cos-'(8s + 2) = 1-1/41 - (8s2 + 2)21 (16s) . 
At s = 0 , the derivative is 0 . 
49. Use the inverse function rule, (d/dy) [f-l(y)] = l/ [(d/dx)f (x)] . Thus, 
2 2 2 (d/dy)cot-ly = l/(d/dx)cot x = -l/csc x = -1/(1 + cot x) = -1/(1 + y ) 
because y = cot x . 
53. (a) The best method is to simplify and then use implicit differentiation. 
The equation simplifies to sin(x + y) = xy , which implies 
[cos(x + Y)] 11 + (dyldx)] = y + x(dy/dx) . Therefore, [cos(x + y) - 
Y] 1 [x - cos(x + y)] = dy/dx . (Note : cos(x + y) = 
(b) The chain rule gives us dy/dt = (dy/dx)(dx/dt) , where dxldt = 
2 [(1)(1 - t ) - (t)(-2t)] /(l - t212 = (1 + t2)/(1 - t212 . Therefore, 
2 2 2 dy/dt = [(cos(x + y) - y) (1 + t )I / [(x - cos(x + y)) (1 - t ) ] . 
(c) According to the inverse function rule, dxldy = l/(dy/dx) . From 
the chain rule, we get dx/dt = (dx/dy)(dy/dt) where dy/dt = 
1 / m  . Therefore, dx/dt = [x - cos(x + y)] / [cos(x + y) - 
Y]m . 
2 (d) dxjdt = 3t + 2 . By the method of part (b), we have dyldt = 
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57. Begin by simplifying the first term, so 1 [(x2 + 1)/x2 + 1 / d x +  
cos xldx = j[1 + x-2 + I/-+ cos X I ~ X  = x - llx + sin-lx + 
sin x + C . Evaluating at fi/2 and 112 , we get fi/2 - 2/fi + 
SECTION QUIZ 
1. Explain why sin(sin-lx) = x for all x in the domain of sin'lx, but 
sidl(sin x) = x only for some x in the domain of sin x. 
2. Simplify: 
(a) tan(cos-lx) 
- 1 (b) sin 28 if 8 = tan (x/2) 
-1 (c) tan (-cos(-T)) 
3. Why doesn't cos(sin-'(2 + x2)) exist? 
4. How would you define tan-'(n12) ? 
5. Your roommate, who has been frantically studying about inverses, was 
doing the dinner dishes when he imagined seeing little green pea-like 
beings entering through the kitchen sink. He told you that they intro- 
duced themselves, "We're from the Innerverse, the tiny land of inverse 
trigonometric functions." They had just travelled along the path de- 
scribed by sin-I (2x - 2) . 
(a) The pea-like beings wanted to know the steepness of the path at X~ 
for their return trip. Help your roommate get rid of his imaginary 
friends by providing the correct answer. 
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5. (b) Find the width of the path, i.e., determine the length of the 
-1 domain of sin (2x - 2) . 
(c) Your roommate also mentioned that they might return to find out 
- 1 the sine, cosine, and tangent of sin (2x - 2) . Compute these 
quantities for him to help save his sanity. 
ANSWERS TO PREREQUISITE QUIZ 
1. (a) cos x 
2 (b) set Y 
2. (-~,0) and (0,~) 
3. 1 
ANSWERS TO SECTION QUIZ 
- 1 
1. The domain of sin-lx is only [-1,1] , so sin (sin x) = x only if 
3. 2 + x2 > 1 and the donain of sin'lx is [-1,1] . 
4. It is 0 such that tan 0 = n / 2  , i.e., 0 1.00 . 
5. (a) 21% - (2x0 - 2) 2 
(b) [1/2,3/21 
(c) sin(sin-'(2x - 2)) = 2x - 2 ; cos(sin-'(2x - 2)) = 41 - (2x - 2)' ; 
2 
tan(sin-'(2x - 2)) = (2x - 2)/di - (2x - 2) . 
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5.5 Graphing and Word Problems 
PREREQUISITES 
1. Recall how to solve minimum-maximum word problems (Section 3.5). 
2. Recall how to use derivatives to aid in graphing (Section 3.4). 
3. Recall how to differentiate trigonometric functions (Section 5.2). 
4. Recall how to use the chain rule for differentiation (Section 2.2). 
5. Recall 'the concept of periodicity (Section 5.1). 
PREREQUISITE QUIZ 
1. Maximize the area of a rectangle whose perimeter is 8 cm. 
2. Differentiate: 
2 (a) sin x 
(b) sin x / G  
(c) cot x 
3. If f(x) = sin(4,~x + 2) , what is the minimum period? 
4. Explain how the first derivative can be used as an aid in graphing. 
5. What information is given by the sign of the second derivative? 
GOALS 
1. Be able to solve word problems involving angles. 
2. Be able to graph functions involving trigonometric functions. 
STUDY HINTS 
1. Typical word problem. Example 1 should be studied carefully. The word 
"revolution" should immediately translate into " 2 ~  radians" in your head. 
Also, since angles are involved, try to relate given and unknown quantities 
in terms of trigonometric functions. 
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2. Review and practice. Many of these problems rely on the chain rule to 
relate distances, angles, and time. If necessary, review the chain rule 
and problem solving techniques from Section 3.5. As always, practice is 
important. 
3. Graphing. The usual techniques of graphing carry over to trigonometric 
functions. One new aspect is periodicity, which simplifies your work 
tremendously. Note any symmetry or periodicity first. Note that if a 
function is a sum of trigonometric functions, the period is the largest 
of the periods of the terms. 
SOLUTIONS TO EVERY OTHER ODD EXERCISE 
1. From the diagram, note that tan 0 = h(t)/200 = 
2 (1000 - 40t - 16t )I200 . Consider 0 as a 
h(t) functtion of t and differentiate both sides 
2 
with respect to t . sec 0 (d0/dt) = -(40/200) - 
200 ' (161200) 2t . At t = 4 , tan 0 = [lo00 - 40(4) - 
2 16(4)] 1200 = 73/25 ; hence sec 01 t=4 = 1 + (73125)~ = 9.5264 because 
2 2 2 
sec 0 = tan 0 + 1 . Plug in sec 01 t=4 and t = 4 , and solve for 
d0/dt . We get d0/dtItZ4 = -0.088 radlsec. The negative sign indicates 
that the angle is decreasing. 
5. We know that a + c = 10 and a + b = 20 . Dif- 
ferentiating both sides with respect to time, we 
get a' + c' = 0 and a' + b f  = 0 . Therefore, 
-af = b' = c' . By the Pythagorean theorem, we 
have (a + c12 + e2 = b2 and c2 + e2 = d2 . 
Differentiating (a + c) + e2 = b2 gives 2(a + c) (a ' + c ') + 2ee ' = 
2bbt or 2e/b = b ' . Differentiation of c2 + e2 = d2 gives 
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5. (continued) 
2ccr + 2ee1 = 2ddf or (ccr + eer)/d = d1 , where c1 = b r  = 2e/b and 
e' is given as 2 . After 3 seconds, e = 6 ; b = J(10)2 + (612 = 
?i%+ 11.66 3 a = 20 - m ~ 8 . 3 4  ; c = 10 - (20 - 6) +1.66 ; 
d = + 6.23 ; c1 = 1.03 . Therefore, d * 2.20 meters/second. 
2 2 9. We will maximize the square of the distance; d = (3 sin 3t - 3 cos 2t) + 
(3 cos 3t - 3 sin 2t)' . Both particles are moving in the same circle of 
radius 3 , but at different speeds; therefore, the maximum distance 
should be no more. than 6 . (d2)' = 2(3 sin 3t - 3 cos 2t) (9 cos 3t + 
6 sin 2t) + 2(3 cos 3t - 3 sin 2t)(-9 sin 3t - 6 cos 2t) = 21-45 cos 2t x 
cos 3t + 45 sin 2t sin 3t] = -90 cos 5t . Thus, the critical points are 
at (2n + 1)~/10 , where n is an integer. At n/10 , d = 0 , but at 
3~110 , d = 6 , so the maximum distance between A and B is 6 . 
(Notice that if we maximize the distance itself, the derivative is more 
complicative; however, the critical points are found by solving essentially 
the same equation.) 
The total time is T = J(x2 - x1)2 + yf + 
J(x3 - x2)2 + y5/3 . To minimize the time, we 
find x2 such that dT/dx2 = 0 . T I  = (112) x 
[ (x2 - xl) + y:] -'122 (x2 - xl) + (113) (112) x 
1 (x3 - x212 + y:] -ll22(x3 - x2) (-1) . Thus, 
we must solve (x2 - xl) / J(x2 - x1)2 + y: = 
Example 2, the left-hand side is sin 0 and the right-hand side is 
(113) sin 4 . Therefore, we have 3 sin 0 = sin 4 . 
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17. f l ( x )  = s i n  x + x  cos x - 2 s i n  x = x cos x - s i n x  ; fl ' (x) = cos x - 
x s i n  x - cos x = -x s i n  x . f "(x) = 0 a t  x = tnn , n = a non- 
negative in tege r .  When x i s  p o s i t i v e ,  f "(x) < 0 f o r  ( 0 , ~ )  , 
(2a, 3n) , . . . , (2nn, (2n + 1)n) . When x i s  negat ive ,  f "(x) < 0 
f o r  (-n,O) , (-3a,-2n) , ... , (-(2n + 1)7~,-2n7~) . Thus, f (x)  
i s  concave downward i n  (2nn,(2n + 1 ) ~ )  f o r  x > 0 and i n  
(-(2n + l)a,-2nn) f o r  x < 0 . f (x )  i s  concave upward everywhere e l s e .  
21. f l ( x )  = 1 - s i n  x , so the  c r i t i c a l  po in t s  
occur a t  x = n/2 + 2nn , where n is  an 
in tege r .  f "(2) = -cos x , so poss ible  in- 
f l e c t i o n  points  occur a t  x = n/2 + nn . 
Note t h a t  the  graph o s c i l l a t e s  around the  
l i n e  y = x . 
25. x2I3cos x i s  symmetric about t h e  y-axis. I t s  graph o s c i l l a t e s  between 
413 ?x2I3 . Consider f (x )  = x2I3: f ' (x) = 2/3x1I3 and f "(x) = -2199 . 
There i s  a cusp a t  x = 0 and the  graph of x2 l3  is  concave down. The 
graph of x looks l i k e  cos x except f o r  the  sca l ing  f a c t o r .  
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29. Recal l  t h a t  t h e  equat ion  of a l i n e  i s  y = yl + m(x - x l )  , where m 
i s  t h e  s lope .  f  ' (x) = -21- - 11- , which is  -3 a t  
x = 0 . Therefore ,  t h e  s l ope  of t h e  tangent  l i n e  i s  -3 and t h e  s lope  
of t h e  normal l i n e  is  the  negat ive  r e c i p r o c a l ,  1 / 3  . Thus, t h e  tangent  
l i n e  i s  y = -3x + n and t h e  normal l i n e  i s  y = x / 3  + n . 
33. f l ( x )  = (x  cos  x - s i n  x ) /x2  , The c r i t i c a l  p o i n t s  occur where 
x cos x = s i n  x o r  x = t a n  x , which has  i n f i n i t e l y  many s o l u t i o n s .  
As x -t , t a n  x a l s o  approaches . This  a l s o  occu r snea r  71.12 + nn 
where n i s  an i n t e g e r .  Thus, t h e  l o c a l  maxima and minima a r e  about 
n u n i t s  a p a r t  a s  x -+ . 
SECTION Q U I Z  
1 .  Sketch y = & cos x + cos IT . 
2.  You and your p a r t n e r  have j u s t  f i n i shed  c u t t i n g  down a 100 m. redwood 
t r e e .  As you y e l l  "Timberr ...", your p a r t n e r  r e a l i z e s  t h a t  t h e  t r e e  i s  
about t o  f a l l  on top  of him. Without t h ink ing ,  he makes a mad dash i n  
t h e p a t h o f  t he  t r e e ' s  shadow. I f  t h e  t r e e  i s  f a l l i n g  a t  a r a t e  of 
9' f s e c . ,  how f a s t  i s  i t  f a l l i n g  v e r t i c a l l y  a f t e r  f a l l i n g  an angle  of 
n/4 ? How f a s t  i s  the  shadow inc rea s ing  assuming t h e  sun i s  d i r e c t l y  
overhead? (Your f r i e n d  i s  a world c l a s s  s p r i n t e r  and ba re ly  escaped 
being crushed.  ) 
3. Those s i l l y  s i s t e r s ,  Sandra and She i l a ,  a r e  a t  i t  again .  On a p l ea san t  
Spring day, they  decided t o  go ba l looning.  As Sandra u n t i e s  t he  rope 
anchoring t he  ba l l oon ,  a sudden gus t  of wind whisks t h e  ba l loon away, 
p a r a l l e l  t o  t h e  ground wi th  She i l a  i n  i t  a t  a speed of 1 m./sec. I n  
t h e  meantime, Sandra, who has  been hanging on f o r  dear  l i f e ,  f a l l s  t o  
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3. (continued) 
the ground, 25 meters below the balloon. She gets up and runs after 
Sheila at a speed of 0.25 m/sec. After one minute, Sandra tires and 
yells, "Bye, Sheila. I'll send the Air Force to rescue you." How fast 
is the angle of Sandra's eyes changing one minute after she quit running 
if she continues to keep an eye on the balloon? 
ANSWERS TO PREREQUISITE QUIZ 
1. 4 cmL (2 cm. x 2 cm.) 
2. (a) 2 sin x cos x 
(b) GZY + sin2x/2 cos 3/2x 
2 (c) - CSC X 
3. 114 
4. If f '(x) < 0 , the function is decreasing. If f '(x) > 0 , the 
function is increasing. 
5. If f "(k) < 0 , the function is concave downward. If f "(x) > 0 , 
the function is concave upward. 
ANSWERS TO SECTION QUIZ 
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5.6 Graphing i n  Po l a r  Coordinates 
PREREQUISITES 
1. Reca l l  t h e  f i r s t  d e r i v a t i v e  t e s t  (Sect ion  3 .2) .  
2. Reca l l  how t o  c a l c u l a t e  w i th  po l a r  coo rd ina t e s  (Sec t i on  5 .1) .  
PREREQUISITE Q U I Z  
1. Convert t h e  c a r t e s i a n  coordina tes  (4,2) t o  p o l a r  coordina tes .  
2 .  Convert t h e  p o l a r  coo rd ina t e s  ( -3 , -3~ /4 )  t o  c a r t e s i a n  coordina tes .  
3. What do you know about a func t ion  f  i f  f  ' (xo) > 0 ? 
GOALS 
1 .  Be a b l e  t o  graph a func t ion  given i n  p o l a r  coordina tes  on t h e  xy-plane. 
2 .  Be a b l e  t o  f i n d  t h e  s lope  of a func t ion  given i n  po l a r  coordina tes .  
STUDY HINTS 
1. Symmetry. As w i th  graphing of func t ions  i n  t h e  xy-plane, symmetry can 
be used t o  e l im ina t e  much work. Example 1 shows how t o  determine symmetry 
i n  t h e  x- and y-axes. 
2. Ro ta t i ona l  syrnmetrx. Note t h a t  i f  f(O + $) = f ( 0 )  f o r  a l l  0 , then  
t h e  graph i s  unchanged a f t e r  a r o t a t i o n  of $ r ad i ans .  
3. Ca r t e s i an  v s .  p o l a r  coo rd ina t e s  graphing.  The graph of r = f ( 0 )  can be 
graphed i n  two ways. Graphing i n  t he  re-plane was d iscussed  i n  Sect ion  
5.1 and graphing i n  t h e  xy-plane is  d i s c u s s e d i n t h i s  s e c t i o n .  Be care-  
f u l  t o  read  what i s  asked f o r .  
4. Rose p e t a l s .  Examples 1 and 2 i l l u s t r a t e  a gene ra l  f a c t  about r = s i n  no 
and r=cos  no . I f  n i s  odd, t h e  graph i s  an n-petaled ro se .  I f  n i s  
even,  t h e  graph i s  a 2n-petaled ro se .  
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5. Tangents in polar coordinates. Rather than memorizing the formula 
dy/dx = [(tan 8)dr/d8 + rl / [ (dr/d0) - r tan 01 , you may find it 
easier to derive the formula. Just remember that dyldx = (dy/d0)/ 
(dx/d0) and use the chain rule to differentiate x = r cos 0 and 
6. Interpretation of maxima, minima. Sometimes, a minimum represents a 
maximal distance from the origin because it is usually a negative num- 
ber and distances are absolute values. A minimum represents an actual 
minimal distance if it is positive. What are the corresponding state- 
ments for maxima? 
SOLUTIONS TO EVERY OTHER ODD EXERCISE 
In cartesian coordinates, we have r = = 
Bx 2 2 x / m  = cos 0 or x + y = x . Rearrange- 2 ment yields (x2 - x + 114) + y2 = (x - 112) + y2 = 114 . So the graph is a circle centered at 
(1/2,0) with radius 112 . 
2 
r = 3 implies r2 = 9 or x + y2 = 9 . 
This is a circle of radius 3 centered at 
the origin. 
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r = s i n  38 = s i n ( 2 0  + 0) = s i n  20 c o s  0  + 
c o s  20 s i n  0  = (2  s i n  0  c o s  0 ) c o s  0  + 
2  2  2  (cos  0  - s i n  0)  s i n  0  = 3 s i n  0  c o s  8  - 
s in30  . M u l t i p l y  b o t h  s i d e s  by r3 t o  
3  2  3  
g e t  r4 = 3 r  s i n  0  c o s  8 - r3 s i n  8  . 
2 2 2  S u b s t i t u t i n g  r = x  + y  , x = r cos  8 ,  
2  
and y  = r s i n  0  , we g e t  ( x  + y 2 ) 2  = 
2  3  3x y  - y . The graph  of  s i n  38 i s  e x a c t l y  l i k e  c o s  30 e x c e p t  t h a t  
s i n  38 i s  s h i f t e d  ( 1 ~ / 2 ) / 3  = 1 ~ 1 6  r a d i a n s  t o  t h e  r i g h t .  The graph of  
r = s i n  38 i s  o b t a i n e d  by r o t a t i n g  r = c o s  30 (Example 2) by  IT/^ . 
13. f ( ~ r / 2  - 0) = f  (0)  i m p l i e s  t h a t  f  (0 )  i s  symmetric  w i t h  r e s p e c t  t o  t h e  
d i a g o n a l  l i n e  8  = IT14 . Hence, t h e  g raph  of  r = f ( 0 )  i s  symmetric 
w i t h  r e s p e c t  t o  t h e  l i n e  0  = 1 ~ 1 4  .
2  17.  Use t h e  r e l a t i o n s  x  = r c o s  0  and y  = r s i n  0  t o  g e t  1  = x  + xy + 
2  2  2  2 2  2  
y  = r2 c o s  0  + ( r  cos 0)  ( r  s i n  0)  + r2 s i n  0  = r (cos  8  + s i n  0) + 
2  
r2 c o s  8  s i n  0  = r ( 1  + c o s  0  s i n  0)  . 
21. Use t h e r e l a t i o n s  x  = r c o s  0  and y  = r s i n  0  t o  g e t  y  = r s i n  0  = 
r c o s  0  + 1 = x  + 1  . T h i s  s i m p l i f i e s  t o  r ( s i n  0  - c o s  0) = 1 . 
25. The s l o p e  of  t h e  t a n g e n t  l i n e  t o  t h e  g raph  r = f ( 0 )  a t  ( r , 8 )  is  
[ ( t a n  0)  ( d r / d 0 )  + rl / [ d r / d 0  - r t a n  81 . Here,  d r / d 8  = 10 c o s  50 . 
At 0  =  IT/^ , r = 2  s i n  50 = 2  and d r / d 0  = 0 , s o  t h e  s l o p e  i s  
[ ( t a n  0 ) ( 0 )  + 2 1 / [ 0  - 2  t a n  01 . Since  t a n  0  -t , we need t o  f i n d  
t h e  l i m i t .  D iv ide  by t a n  @ / t a n  0  t o  g e t  ( 0  f 2 / t a n  8 ) / ( - 2 )  , which 
h a s  a l i m i t  of  0  . 
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29. The s lope  of t h e  tangent  l i n e  t o  t h e  graph r = f  (0) a t  ( r  ,8)  i s  
[ ( t a n  8 ) (d r /d8 )  + rl / [d r /de  - r t a n  81 . Here, dr/d0 = 3 cos 0  - 
20 S in (@2)  . At 0  = 0 , r = 1 , t a n  8  = 0 , and dr/d0 = 3 . Thus, 
t h e  s l ope  i s  [0(3) + 11 / [3 - (1) (0)l = 1 / 3  . 
33. Note t h a t  dr/d0 = -4 s i n  40 , which i s  
0 i f  0  = nn/4 where n  is  an i n t e g e r .  
d2r /de2  = -16cos 40 which i s  negat ive  f o r  
even n  and p o s i t i v e  f o r  odd n  . Hence 
r = 1 a t  0  = nn/2 , which a r e  t he  l o c a l  
maxima and r = -1 a t  0  = (2n + 1)n /4  , 
which a r e  t he  l o c a l  minima. 
Note t h a t  dr/d8 = 4 cos  20 , which i s  0  
i f  20 = (2n + 1)IT/2 , i . e . ,  0  = (2n + 1)n /  
4  f o r  a l l  i n t e g e r s  n  . Also, d2r /de2  = 
-8 s i n  28 . For n  even, 0  = (2n + 1)n/4  
is  a  l o c a l  maximum po in t  wi th  r  = 3 ; f o r  
n  odd, 8  = (2n + 1)n/4  is  a  l o c a l  minimum 
po in t  wi th  r = -1 . 
SECTION QUIZ 
1 .  How i s  t h e  graph of cos 2(0 + 7n/8) r e l a t e d  t o  t he  graph of cos 20 ? 
2. I f  r = csc  6 , what i s  t h e  equa t ion  of t h e  tangent  l i n e  a t  0  = n/4  ? 
3. Sketch t he  graph of s in ' l r  = 20 . Are t h e r e  any r e s t r i c t i o n s  on r ? 
4 .  I n  a  h o s p i t a l  wai t ing  room, an expectant  f a t h e r  was seen  pacing and 
making a  t r a c k  i n t h e  ca rpe t .  Another gentleman, wa i t i ng  f o r  h i s  f o u r t h  
c h i l d ,  n o t i c e s  t h a t  t he  t r a c k  can be descr ibed  by r = s i n ( 0  + n/6) . 
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4. ( a )  Sketch t h e  curve .  
(b) When t h e  nu r se  e n t e r s  and s ays ,  "Congra tu la t ions ,  t h e y ' r e  t r i p l e t s , "  
our  new f a t h e r  runs  o f f  t o  buy c i g a r s .  H i s  p a th  i s  a  tangent  from 
t h e  p o i n t  ( r , 9 )  = ( 1 / 2 , 4 ~ )  . What equat ion  d e s c r i b e s  t h e  pa th?  
ANSWERS TO PREREQUISITE Q U I Z  
1 .  (6, tan-'0 -5)  
2 .  ( 3 1 6 , 3 1 6  
3 .  f i s  i n c r e a s i n g  a t  Xo ' 
ANSWERS TO SECTION Q U I Z  
1. The graph of cos  2(8  + 7 ~ 1 8 )  i s  t h e  same a s  t h e  graph of cos  26 a f t e r  
a  clockwise r o t a t i o n  of 7 ~ / 8  r ad i ans .  
2 .  y = l  
3 .  The r e s t r i c t i o n  i s  -1 r < 1 . The graph 
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5.S Supplement t o  Chapter  5 :  Length of Days 
SOLUTIONS TO EVERY OTHER ODD EXERCISE 
1.  Using t h e  f i r s t - o r d e r  approximation,  AS dS/dT wi th  dS/dT g iven  by 
formula (4)  and R = 33.57' , a = 0.41 r ad i an  and T = 22 (June 21 
is day 1 ) .  Note t h a t  2nT/365 i s  i n  r ad i ans .  We g e t  d ~ l d ~  I T=22 = 
-0.0083 hours  -30 seconds.  Hence on J u l y  13, t h e  sun s e t s  a t  about 
8:05:30 . On J u l y  14,  we can u se  t h e  same formula f o r  dS/dT w i th  T = 23 . 
We g e t  d ~ / d ~  = -0.0086 hour " -31 seconds.  Hence on J u l y  14,  t h e  
s u n s e t s  a t  about 8:05:00 . 
2 5 .  We use  t h e  formula:  s i n  A = c o s d l  - s i n 2  acos  (2rT/365) cos(2nt /24)  + 
s i n  R s i n  a cos(21rT/365) . At sunse t ,  A = 0 and t = 6.5 , so  we g e t  
2 
cos Ldl - s i n Z a  cos  (2nT/365)cos(13n/24) - s i n  R s i n  a cos(2nT1365) , 
which imp l i e s  c n 2 0  cos2(2n~/365)/cos(2n~/365) = - tan  .t s i n  a /  
2 2 
c o s ( 1 3 ~ / 2 4 )  . Squaring g ive s  u s  l l c o s  (2.rrT1365) - s i n  a = [ t an  R s i n  a/ 
2 
co s ( l 3n /24  ) l2 . Adding s i n  a t o  both  s i d e s ,  t ak ing  t h e  square  r o o t ,  
2 2 t h e  r e c i p r o c a l ,  and t hen  a r ccos  g ive s  u s  2nT1365 = cos-'[tan R s i n  a/ 
2 
cos(13n/24) + s i n  . Mult ip ly ing  through by 36512~1 g ive s  u s  
2 2 2 T = ( 3 6 5 / 2 n ) ~ o s - ~ ~ ~ 0 ~ ~ ( 1 3 ~ / 2 4 ) /  [ s i n  a ( t a n  L + cos  (13n/24))]  = 
2 ( 3 6 5 / 2 n ) ~ o s - ~ l / 0 . l 0 ~ /  ( t a n  2 + 0.017) . The domain r e q u i r e s  t h e  express ion  
under t h e  r a d i c a l  t o  be i n  [0,1] , s o  we so lve  0 < cosz(13.rr/24)/ 
2 2 2 2 2 [ s i n  a ( t a n  R + cos  ( 1 3 ~ / 2 4 ) ) 1  1 . Divide by cos  (131~ /24 ) / s i n  a and 
2 2 2 2 
t a k e  t h e  r e c i p r o c a l  t o  g e t  > t a n  R + cos  ( 1 3 ~ 1 2 4 )  > c o s  (13n124) ls in  a . 
2 Sub t r ac t  cos  ( 1 3 ~ 1 2 4 )  , t ake  t h e  square  r o o t  and t hen  t h e  a r c t angen t .  
Thus, t h e  domain i s  [-~12,-0.291 and [0.29,.rr/2] . We p l o t  t h e  fo l lowing 
p o i n t s :  
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5. (continued) 
i 0  6 7 9 T ,  
80-. 
+T (days) 80.2 84.3 91.3 
The other half of the graph is obtained 
40-- 
by a reflection across the T-axis. 
-40'- 
-80.. 
a(' 1 
+T (days) 
9. (a) We use the formula for the length of days. For this problem, we 
have i = 0 because the location is at the equator; T = 0 by 
16.71 
0.0 
definition; and dA/dt is the quantity of interest. Therefore, 
the equation reduces to sin A = 41 - sin*a[cos(2~t/24)] . Dif- 
ferentiating both sides with respect to t gives cos ~(d~/dt) = 
41 - sin2a[-sin(2~t/24)] (2~124) . The formula tells us that all 
17 
10.2 
days at the equator are 12 hours long, so t = 18 at sunrise. 
Also, we know that A = 0 at sunrise, so (dA/dt) = (~112) x 
41 - sin2a = 0.24 radianslhour or 13.76' /hour . 
18 
21.1 
(b) The linear approximation tells us that AA = (dA/dt)bt , so 
At = AA/(dA/dt) = ~~/(13.76~/hr.) = 0.36 hours = 21 minutes, 49 
seconds. 
20 
32.6 
40 
68.3 
50 
75.2 
25 
48.1 
30 
57.2 
Copyright 1985 Springer-Verlag. All rights reserved.
264 Sec t ion  5.R 
5.R Review Exerc ises  f o r  Chapter 5 
SOLUTIONS TO EVERY OTHER ODD EXERCISE 
1. Since  n r ad i an  = 180' , we g e t  66' x (~r /180)  = 1 .I52 r ad i ans .  
2 2 5 .  Use k = r cos 0 and y = r s i n  0 t o  g e t  y = r s i n  0 = r2 cos B = x 
o r  t a n  0 s e c  0 = r . 
9 .  By t h e  d e f i n i t i o n  of s i i le ,  we have s i n  8' = a/10 , so  a = 10 s i n  8' 
13. A 2 2 By t h e  law of cos ines ,  a2  = 1 + 3 - 2(1) (3 ) cos (~ i /3 )  = 7 s o  a = 6 . Applying t h e  law of cos ines  aga in ,  l2 = 32 + ( ~ i ) ~  - 
A 2(3) ( f i ) c o s  @ impl ies  cos @ = 1 5 / 6 f i  , so  
+ X 0.333 . By symmetry, t h e  lower angle  i s  a l s o  0.333 and s ince  a l l  
of t h e  ang l e s  of an e q u i l a t e r a l  t r i a n g l e  a r e  n /3  , t h e  remaining angle  
17. S ince  (d /dx ) s in  x = cos  x , we g e t  dy/dx = 1 + s i n  3x + 3x cos 3x . 
2 2 21. Using t h e  f a c t  t h a t  (d/dy) t a n  y = sec  y , we g e t  h ' ( y )  = 3y + 
3 2 3  2 2 3 3 2 3  2 t a n ( y  ) + 2y sec  (y ) * ( 3 y  ) = 3y + 2 t an (y  ) + 6y sec  (y ) . 
25. Using t h e  f a c t s  t h a t  (d/dx)sec-'x = l / x c  and (d /dx ) s in  x = 
cos x , we g e t  ft(k) = i l / I ( x  + s i n  x ) ~ / ( x  + s i n  x)4  - 11 ) - 2 ( x  + s inx )  x 
(1 + cos  x)  = 2(1  + cos  x ) / ( x  + s i n  x)/(x + s i n  x)4  - 1 . 
29. Since (d/dx)sin"x = l/m , we g e t  (I/=) (d/dx)& = 
33. Using t he  f a c t  t h a t  (d/dx)sin-'x = l/m and (d/dx)cos x = - s i n  r , 
we g e t  (d/dx)sin- ' (& + cos 3x) = [1//1 - (& cos 3x)2] (1/2& - 3 s i n  3x) . 
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- 1 37. By the product rule, dhldx = sin (X + 1) + XI- . By the 
chain rule, dhldy = (dhldx) (dxldy) = sin-'(x + 1) + x / G 2 ]  x 
2 3 3 2 (1 - 3y) = sin-'(y - y + 1) + (y - y )I~I - ( y  - y3 + I ) ~ I ( ~  - 3y) . 
41. Guess that /sin 3x dx = a cos 3x + C . Differentiation yields a = 
-113 ; therefore, /sin 3x dx = -cos 3x13 + C . 
3 45. Guess that 1(3x2 sin x )dx has the form a cos x3 + C . Differentiation 
2 
shows that a = -1 , so the integral is -cos x3 + x + C . 
49. Factor out 114 , so (l/4)/ [dy/(l + (y/2)2)~ should have the form 
a ta11-'(~/2) . Differentiation shows that a = 112 ; therefore, 
2 1 [1/(4 + y )I dy = (112) tan-'(~12) + C . 
53. Factor out 112 to get ill [ l l m l d x  = (1/2)~!~ 111% - (x12)~ldx . 
-1 The antiderivative should have the form a sin (x/2) + C . Differentia- 
2 tion yields (a12)ldl - (~12) , so a = 1 and the integral is 
- 1 1 
sin (~12) = n/6 - (-n/6) = n13 . 
57. (a) We want to find an interval in which f(x) is strictly increasing 
or decreasing. f '(k) = 3x2 - 3 implies the critical points are 
f 1 ; therefore, the interval containing zero is [-I, 11 . 
(b) f (x) < 0 in [-I, 11 , so it is decreasing and the domain of g 
is [f(b),f(a)] = [5,9] . 
(c) By inspection, f (0) = 7 , so g(7) = 0 . Therefore, by the in- 
2 
verse function rule, gr(7) = l/[fr(0)l = lI(3x - 3)Io = -113 . 
61. By similar triangles, 30/(10 + x) = y/x , 
3 o h  
which implies 30x = ~ ( 1 0  + x) . Upon differ- 
entiating with respect to t , we have 30x1 = 
10 X 
y r ( l ~  +x) + yxl , and so x 1  = yr(10 + x)/ 
(30 - y) . After 4 seconds, y = 8 , x = 40111 , and y r  = 2 . 
Therefore, x' = 2(10 + 40/11)/(30 - 8) = 2(150/11)/22 = (1501121) m./sec. 
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65. x 4 - x  Time i s  d i s t ance l speed ,  s o  we want t o  min- 
imize T  = -/4 + (4 - x)  116 . T '  (x) = 
-)/I- . S e t t i n g  ~ ' ( x )  = 0 , 
2  
we g e t  4x = /- o r  16x2 = 1  + x ; t h e r e f o r e ,  x  = ( 1 / f i )  km i s  
t h e  po in t  t o  where she  should row. 
f  ' (x) = 2  [ (cos x)  (cos  x) + 
2  ( s i n  x)  ( - s in  x)] = 2(cos  x  - 
2  
s i n  x) = 2  cos 2x , so  t he  
c r i t i c a l  p o i n t s  a r e  (2n + 1 ) ~ /  
where n  i s  an i n t e g e r .  f  "(x) 
-4 s i n  2x , so  t he  i n f l e c t i o n  po in t s  a r e  nn/2 . f  l1(x) < 0 i n  [nn, 
(2n + 1)n/2] , so  f  (x) i s  concave down i n  t h i s  i n t e r v a l  and concave 
up elsewhere.  S ince  s i n ( x  + TI) = - s i n  x  and cos(x  + TI) = -cos x  , we 
have f  (x + n) = f ( x )  . Therefore,  t he  per iod  i s  TI and we only  have t o  
graph 0 G X G T I  and then use t h e  symmetry p r o p e r t i e s .  
yt 
We note  t h a t  f ( 8 )  = f(-8) ; 
cos 68 = f  (8) ; f  (TI + 8) = 
cos(6n + 68) = cos (68) = f ( 6 )  . Thus, 
t he  graph i s  symmetric i n  t he  x-axis ,  
t he  y-axis,  and t he  o r i g i n ,  so  we need 
only p l o t  the  graph i n  [O,TI /Z]  and 
use r e f l e c t i o n s .  dr /d8  = -6 s i n  68 
impl ies  t h a t  c r i t i c a l  p o i n t s  occur a t  0 ,  TI/^ , n/3 , ~ 1 1 2  . The zeros  
occur a t  n/12 , n/4 , 5 ~ 1 1 2  . 
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77 .  The tangent line is given by y = yo + m(x - xo) , where yo = r sin 0 , 
x0 = r cos 0 , and m = [(tan 0)(dr/d0) + rl / [dr/d0 - r tan 01 . Here 
dr/d0 = -4 sin 40 . At 0 = ~r/4 , tan(~/4) = 1 , r = cos IT = -1 , 
xO = (-1) cos (n/4) = -a12 , and yo = (-1) sin(n/4) = -612 . Thus, 
m = [(I) (0) + (-I)] / [O - (-1) (I)] = -1 , and the tangent line is y = 
(-JZi2) + (-1) [x - (-JT/2)] = -x - fi . 
81. We use the chain rule and the inverse function rule. Let y = , 
then the chain rule tells us that ' (x) = (dg/dy) * (dy/dx) . Now 
according to the inverse function rule, dgldy = l~f'(~(~)) = 11 
f ' (f-'(y)) = l/f (f-I(&)) , and by ordinary differentiation, dy/dx = 
1/2& . Therefore, g'(x) = 1/2f '(fW1(&))& . 
4 85. If x # 0 , then f(x) = x sin(l/x) and ft(x) = 4x3 sin(l/x) + 
4 2 3 
x (-l/x )cos(l/x) = 4x sin(l/x) - x2 cos(l/x) . Therefore, the chain 
rule and the product rule may be applied again to get f "(x) = 
2 3 2 2 2 12x sin(l/x) + 4x (-l/x ) cos(l/x) - 2x cos(l/x) - x (-l/x )(-sin(l/x)) = 
2 12x sin(l/x) - 6x cos(l/x) - sin(l/x) . Since the last term has no limit 
as x -+ 0 , f" (x) has no limit as x -+ 0 . 
1 im On the other hand, f '(0) = x+o{ [f (x) - f ( O ) ]  1x1 = :${ [x4 sin(l/x)] 1 
lim 3 
x} = x4[~ sin(l/x)l . This limit is zero since lsin(l/x) 1 G 1 . Also, 
f "(0) = :${ [ft(x) - f '(011 1x1 = :${ [4x3 sin(l/x) - x2 cos(lix)I 1x1 = 
1 im 
x+[4x2 sin(l/x) - x cos(l/x)] . Again, the limit is 0 since 
Isin(l/x)l G 1 and 1 cos(l/x)l G 1 . Thus, f is indeed twice differ- 
1 im 
entiable, but f" is not continuous since xiof "(x) does not exist. 
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TEST FOR CHAPTER 5 
1. True or false. 
(a) The origin can have any 8 in polar coordinates. 
(b) In polar coordinates, sin 8 = 1 and sin 8 = -1 describe the 
same line. 
2 
c (dldx) sin% = -cos x/sin x . 
(d) y = x5 has an inverse on (-m,m) , but y = x4 does not. 
- 1 (e) If f '(x) < 0 on [a,b] , then the domain of f is 
[f (a> ,f (b>1 . 
2. Differentiate: 
(a) (COS & sin x) 2 
- 1 (b) sec (2x) 
(c) tan-l(5x + 2) 
(d) f-l(x) if f(x) = x + (112) cos x 
3. Integrate: 
(a) !:sin t dt 
(b) 1; [de:(l + e2)1 
2 (c) csc x sin x dx 
4. (a) Sketch the graph of y = cos 2(x + 3~18) . 
(b) Find intervals for which an inverse exists. 
(c) Sketch the inverse on the interval which contains x = ~ 1 4  . 
5. (a) Sketch the graph of r = cos 2(8 + 3~18) in the xy-plane. (Com- 
pare this sketch with that of Question 4(a).) 
(b) Convert this equation to Cartesian coordinates. 
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6. In each case, find sin 20 for the given information. 
(a) sin 8 = 516 
(b) tan-lx = EI 
7. A particle follows the path given by the equation r = 2 cos 0 + sin f3 . 
(a) If it flies off along the tangent line at 0 = ~ 1 4  , what is the 
equation of the tangent line? 
(b) Will the particle hit the x-axis, y-axis, both, or neither, assuming 
the particle traverses a counterclockwise path? Where will it hit? 
8. Let x = n/4 + 0.2 . Approximate cos x , sin x , and tan x . Use 
1.4 . 
- 1 9. Let x = 2 t  and y = c o s  t .  
(a) What is the domain? 
(b) Sketch the curve in the xy-plane. 
10. Steve, the fearless skydiver, was attempting to dive into a red target. 
250 m. above the target, he was falling at 10 m./sec. Unfortunately, 
skydiving Steve's friends placed the target in the middle of a bull 
pasture. One angry bull stood 50 m. from the target. How fast is 
the bull's head rotating downward as he keeps an eye on Steve? 
ANSWERS TO CHAPTER TEST 
1. (a) True 
(b) True 
(c) False; (d/dx) sin-'x = . 
(d) True 
(e) False; if f ' (x) < 0 , the domain is [f (b) , f (a)] . 
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2. (a) 2(cos & s i n  x) (-sin & s i n  x / 2 c  + cos & cos x) 
(b) l / x c  
(c) 5 1  [(5x + 212 + 11 
(d) l I ( 1  - (1/2)s in  x) 
3 .  (a) 2 
(b) v/4 
(c) -cos x + C 
(b) (nv/2 , (n + 1)1~ /2 )  , where n  i s  an in tege r .  
(c)  Y4 
I 
- 2 
1 + 
2 x  
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2 2 2 312 (b) a =  (y2 - 2xy - x ) / ( x  + y ) 
6 .  (a) 5 W 1 8  
(b) 2x / (1  + xZ)  
7 .  (a) 2y + x = 912 
(b) y-axis a t  (0,914) 
8 .  cos  (.rr/4 + 0.2) 0.56 ; s i n  (n/4 + 0.2) X 0.84 ; t an  ( ~ 1 4  + 0.2) 1.40 
9 .  (a) - 1 < t < 1  or - 2 < x < 2  
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